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ABSTRACT Voltage-clamp analysis of membrane currents in multicellular muscle prepara-
tions by means of the sucrose gap method is complicated by diffusion of saline and sucrose in
the interstitial fluid spaces. This paper is the first part of a theoretical study made to analyze
electrical events related to this diffusion process. Concentration profiles of ions and sucrose
(both axial and radial) were computed by solving diffusion equations with boundary conditions
appropriate for the different types of preparations and experimental arrangements used. In
addition to steady-state solutions, analytical expressions were derived that describe the
time-course with which concentration profiles become established after a stepwise change of
the solute concentration in one of the compartments of the sucrose gap apparatus. The model
accounts for the presence of an endothelial surface layer, or endocardium, which acts as an
external diffusion barrier and is important in determining concentration gradients of solutes
within heart cell preparations. Results of numerical computations dealing with several cases of
experimental interest are presented.

INTRODUCTION

Much of the analysis of the electrical membrane currents in multicellular muscle preparations
is based on methods using either a single or double sucrose gap apparatus (see Johnson and
Lieberman, 1971; Morad and Goldman, 1973; Trautwein, 1973; Biilbring and Shuba, 1976;
Beeler and McGuigan, 1978). There are many important results obtained with these methods;
several sources of error associated with them have been discussed and experimentally tested
(Johnson and Lieberman, 1971; Kootsey and Johnson, 1972; Tarr and Trank, 1971, 1974;
Ramon et al., 1975; Poindessault et al., 1976; Attwell and Cohen, 1977; Beeler and
McGuigan, 1978). However, one of the shortcomings of the method has not received the
attention it deserves. This is related to the fact that there is no sharp transition between
sucrose and adjacent electrolyte solution, except at the surface of the muscle fiber bundle.
Inside the bundle diffusion of ions and sucrose takes place along the interstitial fluid spaces,
resulting in complex concentration changes. The properties of the ion concentration profiles
that are established are important in determining, among other things, (a) the driving forces
of several membrane currents, (b) the size of the membrane resistance, (c) the shunt
resistance of current recording, and (d) the position and size of the liquid junction potential
set up by the diffusing ions of different mobilities. The aim of this and two subsequent papers
was to explore both the nature and the extent of the complications that arise from these
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factors. The present study deals with the diffusion processes occurring in different prepara-
tions and experimental arrangements. The accompanying paper will be concerned with the
analysis of the cellular outward (potassium) currents, while in a third, both the outward and
"'activated" inward (sodium or calcium) currents will be considered.

DIFFERENTIAL EQUATIONS OF DIFFUSION AND BOUNDARY
CONDITIONS

For the present mathematical treatment, the structure of a heart trabecula, or bundle, has
been simplified as illustrated in Fig. 1 C: the bundle is taken to be (a) of cylindrical shape, (b)
to contain fibers, all cylinders of equal diameter, distributed in a random fashion, and (c) to be
surrounded by a thin homogeneous diffusion barrier, representing the endothelium cell sheath
(or endocardium) which separates the external medium from the interstitial fluids surround-
ing the individual heart fibers. Thus, the model ignores the variation of fiber size and shape as
well as the presence of narrow spaces and clefts between muscle cells (cf. Page and
Niedergerke, 1972; Sommer and Johnson, 1979). It also does not take into account that
diffusion (or permeation) through the endothelial cell sheath occurs in discrete regions, the
gaps between adjacent cells (Page and Niedergerke, 1972). Further simplifications are (a) ion
fluxes into and out of the cells are assumed to be small enough to modify the external diffusion
process only to a negligibly small extent (see Approximations) (b) the diffusion coefficients of
both electrolytes and nonelectrolytes (sucrose in the present case) are taken to be unaltered as
the concentration of the solutes changes, and (c) cross effects between different solutes are
neglected. (The diffusion of Na+Cl- or K+Cl-, for example, is treated as if only the particular
salt were present in a range of low concentrations.)
We consider both radial and longitudinal diffusion of solute through the interstitial fluid

spaces, looking first at a small volume element, an annulus situated concentrically with
respect to the axis (z) of the bundle (surface radius ro), of width Ar and length Az. Radial
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FIGURE 1 Geometrical model of heart cell bundle and its position across a saline-sucrose junction. A, no
partition; B, partition of width 2b present between the two fluid compartments; C, cross section through
bundle and its constituent fibers (f) surrounded by endothelium cell sheath (sh). The drawing is not to
scale: endothelium cell sheath in most regions (except at point of cell nucleus) is much thinner than
average fiber diameter.
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diffusion flux Mr entering the annulus at r is given by the first law of diffusion as

a Ocl
M= --2rrAzD- (1)

where c is the concentration of the diffusing solute, D is the diffusion coefficient, and a is the
fractional circumference at radius r that is available for radial diffusion, i.e., not occupied by
cells. 13 is a factor that accounts for the increased path length that solute particles must
generally follow around the fibers instead of being able to pass through the space occupied by
the fibers. On the other hand, the longitudinal flux M, entering the annulus at z is

Ocl
M= -p2irrArD- (2)Olz'

where p is the area per cross section of bundle taken up by the interstitial fluid spaces. Fluxes
entering and leaving the annulus must be equal to the rate with which the quantity of solute in
the interstitial fluid spaces within the annulus changes:

Mr(r, z) - Mr(r + Ar, z) + Mz(r, z)- M(r, z + Az) = p2rrArAzd (3)

or

ArA - AZ p27rrArAz (4)
clr Olz Oit

After combination with Eqs. 1 and 2, Eq. 4 gives

k| rdr r + Tz]=d (5)

where

a
k=-. (6)

13p

At the bundle surface, just underneath the endothelial cell sheath, the flux entering the bundle
must equal that which passes through the surface sheath:

-pkD (d ) = PM[c(ro,z)-co] (7)

where Pm is the permeability coefficient of the sheath and c0 the concentration of solute in the
external medium. The right-hand side of Eq. 7 corresponds to that of Eq. 2 used by Page and
Niedergerke (1972) to describe the passage of solutes through the endothelium cell sheath.
Eq. 7 serves to provide the basis of several boundary conditions used in solving Eq. 5. Before
presenting these solutions, two additional points should be considered.

(a) In certain, well-defined experimental conditions, i.e., when using thin bundles whose
surface layer is of low solute permeability, the rate-limiting step for solute movement into and
out of the bundle is provided by permeation of the solute through the surface layer. A useful
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approximation can be obtained for this case by neglecting radial diffusion in the interstitial
fluid spaces altogether. The diffusion equation then simplifies to read

OcC C02C Pm As (8-=D- --- I- COl (8)
at az2 p Ar\

where the first term on the right-hand side relates to longitudinal diffusion and the second
relates to surface permeation. A, is the surface area per unit length and Ac the cross-sectional
area of the bundle (As/A, = 2/ro for the cylinder in Fig. 1 C).

(b) It is desirable to express the two geometrical constants a and ,B of Eq. 6 in terms of p,
the volume fraction of interstitial fluid spaces. With regard to a, the proportion of bundle
circumference (at various r) unoccupied by heart cells, it can be shown that the identity a = p
holds to a good approximation (p being independent of r), provided that ro is large compared
with the fiber radius. This is the case for all heart bundles considered in this and the
subsequent papers. Intuitively, this result immediately follows from the assumption of a
random cell distribution, but the mathematical proof is fairly lengthy and has therefore been
omitted. f,, the factor expressing the increased diffusion pathway, was calculated following the
procedure of McLennan (1956):

ir ( )( 4)

Combining the expressions for a and ,3 with Eq. 6 one obtains

k = I I+ ,,(1 p)( I 1-(10)

For a related approach to account for the effect of tortuosity see Adrian et al. (1969),
Schneider (1970), and Mathias et al. (1977).

STEADY-STATE SOLUTIONS

The first and main part of this paper is concerned with the concentration profiles maintained
within the extracellular fluid spaces of the muscle bundle by the steady diffusion flux of saline
into the sucrose region, or of sucrose in the reverse direction. In a later section the time-course
with which some of these profiles are established will also be considered. To start with, the
equations solved deal with a single saline-sucrose junction. Solutions appropriate to the more
complex situation of sucrose gap arrangements, where two or four such junctions are present,
can be obtained by applying the superposition principle.
The basic differential equation used is derived from Eq. 5 and reads

k--i r- +--=0.
r ar ar 0z2 (11)

Two boundary conditions common to many cases follow from the physical arrangement of the
bundle (see Fig. 1): a segment, of length 1, of the bundle is taken to protrude into the test
compartment containing saline. (In order to keep potential changes along this segment small,
this has to be kept short compared with the length of the electrical space constant; see Johnson
and Lieberman, 1971). At the far end of this segment, where z = -1, the concentration

BIOPHYSICAL JOURNAL VOLUME 36 1981536



gradient across the endothelium cell sheath is taken to be zero, since at this point the sheath
has been destroyed either by the ligature placed around the trabecula (New and Trautwein,
1972; Goldman and Morad, 1977) or by transverse sectioning of the trabecula, as some
authors prefer (Reuter and Scholz, 1977). The trabecula section that extends into the sucrose
compartment is taken to be of infinite length. If the concentration in the left-hand side
compartment is maintained at c0, that in the right-hand side at zero, one has

c(r,-l)=co. (12a)

c(r, o) =0. (12b)

In sucrose gap experiments two types of chamber are used: in one (Fig. 1 B), saline and
sucrose compartments are separated by rubber membranes or vaseline seals (Berger, 1963;
Rougier et al., 1968; Brown and Noble, 1969; Beeler and Reuter, 1970; Morad and Orkand,
1971; New and Trautwein, 1972; McGuigan, 1974; de Hemptinne, 1976); in the other type
(Fig. 1 A) such partitions are absent (Anderson, 1969; Haas et al., 1970; Tarr and Trank,
1971, 1974; Harrington and Johnson, 1973, de Hemptinne, 1976). This means that two sets of
equations are required: the one appropriate for the absence of partitions or seals is more
simple mathematically and is therefore treated first.

Partition Between Electrolyte and Sucrose Compartment Is Negligible
For this case the second set of boundary conditions derived from Eq. 7 is

-pkD(cc = Pm[c(ro, z) - co], z < 0 (13a)o9r r-rO

-pkD(-) Pmc(ro, z), z > 0. (13b)o9r r-rO

The solution of Eqs. 11 satisfying Eqs. 12a, b and 13a, b as well as the continuity conditions
for both c and ac/az (continuity of diffusion flux) at z = 0 was derived by standard methods
given in Carslaw and Jaeger (1959, chapts. 7 and 8). The result obtained is

c= C0 L - E (1 + -32/L2)J (fl) exp (-13nlVk/ro)

sinh (Wn(l + z) kl/ro)], z < 0 (14a)

00 Jo (3nr/ro)c = 2co E (1 + s2/L2)J ( ) cosh (n3 lVK/ro) exp (-OX(l + z) /kro), z > 0. (14b)

3n are the positive roots of

olJ1 (f) - LJo(O) = 0. (15)

J0 and J, are the Bessel functions of the first kind, and of order zero and one, respectively,
where

L Pm (16)
pkD
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or after combination with Eq. 10

Pmro I + (1- p)(l )] (17

pD

For many problems it is sufficient to know the average concentration c(z) in a cross section at
any z. This is defined by

CW = 2 tto )d(18)r()=o, rc(r, z) dr. (8

Integration of Eq. 18 after substituting for c(r, z) Eqs. 14a and b gives

c = co [1 -4 Z #2(l + #2/L2) exp (-#,1i /lro) sinh (f3,(z + 1) Vk/ro)j z -< 0 (19a)
W I1

C = 4co E, 2( + 32I/L2) cosh (nl'JiV/r0) exp (-#.(z + 1) vJk-/ro) Z>z 0. (19b)

Concentration profiles of physiological interest calculated by means of Eqs. 19a, b are plotted
in Figs. 6 and 7 and discussed in some detail in Conclusions. However, it is instructive here to
illustrate the results of Eqs. 14 and 19 in a more general way, simplifying the geometrical
situation by considering a bundle whose ends are both suffi'ciently far away from the
saline-sucrose junction so that -I -mc (Fig. 1 A). For this condition Eqs. 14a, b reduce to

C =C~ [
co Jo(f3.r/ro)(1zv/o]c = CO |1 _ E a (l 03/2)J1(3) exp (z#z ro) , Z ' 0 (20a)

c=co JOG3,,r/rO)
C co 57E3F(1 ± j2/L2)J1(13) exp (-OnVkl/ro), z > 0 (20b)

and Eqs. 19a, b to

c = co[I1-2IE 2(1 + 2 I/L2) exp (nzVkl/ro)] z ' 0 (21a)

==2co 1 exp (-(3lzVAk/ro),z>-0c= 2c0 E f2(1 + 2I/L2) e (0. (21b)

Concentrations, in units of co and calculated with Eq. 20b, are plotted in Fig. 2 against the
dimensionless parameter r/ro, for various values of z, also transformed into a dimensionless
variable, zkl'2/ro. (The series solutions converge fairly rapidly. The first six terms were
computed to arrive at the curves shown in this and all other figures.) As is seen, concentration
profiles so obtained are critically dependent on L (Eq. 16), which combines the important
physical contraints of the diffusion process. Of the four values of L for which solutions are
illustrated, probably only two, that for L = 0.5 and 1.5, are.of interest when considering intact
heart bundles for which the estimates of L extend from values between 0.3 and 1.5 (see
Discussion). Noting, on inspection of Fig. 2, the extent of deviation of curves shown from
horizontal straight lines it is clear (remembering the definition of L) that radial concentration
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FIGURE 2 Steady concentration profiles of solute in interstitial fluid spaces of cylindrical muscle bundle
(position as indicated in Fig. IA with -l- -X); external concentration of solute: c0 for z <0O and zero for
z> 0. Plot of concentration c against radius r, both in dimensionless form (r0 - surface radius of cylinder).
Numbers against curves, values of zk'12 /ro, i.e. normalized distance along bundle; for definition of k and L
see Eqs. 6 and 16. Concentrations for negative z, also in Fig. 3, can be obtained by means of the symmetry
relation c(-z)/co I - c(z)/co (see Eqs. 20a,b).

gradients within a bundle diminish as Pm and r0 decline. Pm is, however, directly proportional
to D (e.g. Page and Niedergerke, 1972) and both the parameter L and the steady-state
distribution of solutes are therefore independent of the diffusion coefficient used (see Eq. 17
and note that the solution of Eq. 11 does not explicitly contain D). Fig. 3 illustrates the
distribution of c, along bundle length obtained with Eq. 21b, i.e., the decline of c~from the level
co/2 at z = 0 with increasing z. To provide a numerical example, we have calculated the
distance from the sucrose-saline junction at which c has reached 10% of c at z - 0 (i.e., to 5%
of the total concentration difference) for a bundle from frog atrium (100 ,um Diam) and dog
ventricle (500 gsm Diam; Beeler and Reuter, 1970). Using the values L - 0.5 for the frog
atrium and L = 1.5 for the dog ventricle and k = 0.83 for both (see Parameter Values), this level
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FIGURE 3 Average (steady) concentrations of solute along bundle (conditions and symbols as in Fig. 2).
Numbers against curves, values of L.

is attained at values for zk' 2/ro of 2.45 and 1.55, corresponding to a distance of 135 ,um in the
first, and 425 ,um in the second case, respectively. In practice, then, concentration differences
between interstitial fluid space and the bathing solution in each compartment become very
small for distances from the saline-sucrose junction greater than the bundle diameter. (For
more complete calculations of a related kind see Figs. 6-8.)
Two special cases may briefly be considered: in the first, permeation through the surface

layer is quite rapid (i.e., Pm is large ), a condition that would be applicable, for example, to a
trabecula whose endocardium had been removed. In the second, the permeability coefficient is
low and the bundle diameter small so that radial diffusion can be neglected to a first
approximation.

TRABECULA WITHOUT SURFACE LAYER Equations that describe the concentration
distribution under this condition can be derived as limits from those given before. Since L - X
as P. 00 (see Eq. 16) the factor Jo(f3nrlro)l[/I3(I + g2 /L2) Jl (1n)] in Eqs. 14a, b and 20a,
b has to be replaced by Jo(an r/ro)/ [an J1 (an))] where

an= lim 3n and J0(an) =O.
L -

(See Eq. 15). In Eqs. 19a, b and 21a, b the factor -[f'(1 + j3/L2)] simply becomes an2.
THIN BUNDLE WITH SURFACE LAYER OF LOW PERMEABILITY The equations appro-

priate to this case simplify (cf. Eq. 8) to become

d2c 1
dz2 - , (c-CO)= 0, z < 0 (22a)
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d2c 1
dz2A2c=O z>O (22b)

where

A= pDAc (22c)
PmA

The solution satisfying the boundary conditions (Eq. 1 2a, b) and the continuity conditions for
c and dc/dz at z = 0 is

c = cofl - exp (-2/A) sinh [(z + )/Al], z s 0 (23a)

c = co cosh (2/A) exp [-(z + 2)/A], z 2 0 (23b)

and for -l-- :

c = co[1 exp (z/A)], z O< (24a)

c = CO exp (-z/A), z > 0. (24b)
2

A is a space constant, analogous to the electrical space constant, X, of single nerve or muscle
cell. In this analogy Pm and D correspond to (Rm)-' and (R1)-', i.e., the reciprocals of the
specific membrane and intracellular resistance, respectively. It may also be noted that A is
independent of D, a property that it shares with the parameter L.

Partition ofFinite Width Separating Saline and Sucrose Compartments

A complete mathematical description of this situation (Fig. 1 B) requires the complex
techniques of the so-called mixed boundary problem (Kantorovich and Krylov, 1958).
However, there are two cases in which solutions can be obtained by fairly simple means. The
first is a bundle in which the endothelial cell sheath (or endocardium) is absent. This problem
was recently treated by Attwell and Cohen (1977) and therefore needs not be discussed. The
second concerns a bundle in which radial diffusion in the interstitial spaces can be neglected;
this case was treated in Eqs. 22-24 for the situation of a saline-sucrose junction without
partition. Assuming a partition of width 2b (extending from - b < z < b; Fig. 1 B) the
appropriate differential equations become

d2 I(C-Co)=°, -Q < Z <-b (25a)

d2c
--2 0, -b<z<b (25b)dz

d2c 1
- c=- , z > b. (25c)di 2 -i

As Beeler and McGuigan (1978) pointed out, rubber membranes used as partitions tend to
compress the tissue bundle; as a result, the concentration profiles are altered. In deriving
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equations that account for such compression effects it is convenient to define the cross-
sectional area available for diffusion underneath the partition by (pAc)p and that outside it by
(pAJ)O. Solutions of Eq. 25 are required which satisfy the continuity condition for (pAc -

dc/dz) at z = -b and z = + b, with the continuity in c and the boundary conditions Eqs.
1 2a,b. These solutions are

|(2bH/A + 1) cosh [(Q - b)/A] + sinh [(Q- b)/A]"'
c - co H(b - z)/A + 1 -b c z b (26b)CC

I + 2bH/A +tanh [(R-b)/A] ' -~ 2b

exp [(b - z)/A] (26c)ICO + 2bH/A +tanh ((9- b)/A]' . 2c

where H is defined as

H = (pAJ)0/(pA)p. (27)

Examples of practical interest were worked out using Eqs. 26 and 27 and are presented in
connection with Fig. 7 in the Discussion.

KINETICS OF THE DIFFUSION PROCESS

We are seeking the time-course with which concentration profiles in muscle bundles build up
or decline when the solute concentration in one of the fluid compartments is altered. For the
sake of brevity, only one case will be treated, i.e., that of a trabecula extending a long way to
both sides from a single saline-sucrose junction (for the steady-state solution of this case, see
Figs. 2 and 3). We consider a trabecula, positioned as shown in Fig. 1 A (but -1 -oc), with
the initial solute concentration c = c0 in the one (left-hand) compartment and c - 0 in the
other. At time zero the concentration in the left-hand compartment is suddenly changed from
co to cl. The appropriate initial and boundary conditions for the differential Eq. 5 are

c (r, z, 0) =- c (r, z) (28a)

where c; (r,z) is the initial concentration at any point within the bundle given by Eq. 20 a,b,

c(r, - cc, ) = Cl (28b)
c (r, + o, oo) =0 (28c)

-pkD ( = Pm[C(ro, z, t)-cl ], z < 0 (28d)

-pkD ( Pmc(ro, z, z > 0. (28e)clr r-ro

The solution was derived by following the procedure given by Carslaw and Jaeger (1959, p.
29) of solving, consecutively, two simpler problems. One is time independent and has already
been treated (Eq. 20a,b); the other is dependent on time, t, as well as on the space variables r
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and z. We take cf(r, z) to be the known solution of (time independent) Eq. 11 satisfying the
conditions 12a,b (with -1 -- -om) and 13a,b, with co replaced by cl. We also define ct(r, z, t)
as a function that satisfies Eq. 5, for the initial condition

c1(r, z, 0) = ci(r, z) - cf(r, z)

and the surface condition

-pkD (dr = PmcO(ro, Z, t),-OO < z < +00.

Then, as is readily shown, the function satisfying all conditions of the present problem is

c(r, z, t) = cf(r, z) + ct(r, z, t)

where cf(r, z) is given by Eq. 20a,b, in which co is replaced by cl.
After solving Eq. 5 for ct by a method analogous to that given by Carslaw and Jaeger (1959,

p. 21 1) the final result reads

Cl- Cot JoQ(3r/ro)
c = cf(r, z) 2 2)jl(#2 \0 3,( I3~L2)1~

{exp(I3nZ Jkl/ro) [erf(An kDtl/rO + z/2 v't) - 1]

+ exp (-nz Vlk/rO) - erf (AnVrkIr0 - z/2Vbi)]

+ 2 exp (-#IkDt/r) [1 - erf (z/2 D)t}). (29)

Also here, and by analogy with the treatment of the steady-state solutions it is of interest to
provide the equation for the build up of the average concentration inside the bundle (see Eq.
18). Briefly, the way of writing this solution is to replace the function JO (fnr/r)/J1(#n) in Eq.
29 by the factor 2n,B the result being referred to as Eq. 30. It may finally be useful also to
give the solution for the case where the surface layer of the bundle is absent, other conditions
remaining unchanged: replace (a) the term fn (1 + ,2 /L2) in the denominator of Eq. 29 by an
and (b)f3n in all functions by an. This solution will be referred to as Eq. 31.
The meaning of Eqs. 30 and 31 has been illustrated in two different ways: (a) in Fig. 4 by

the plot of the concentration profiles along the bundle axis with (normalized) time as
parameter and (b) in Fig. 5 by the time-course of the concentration change, the parameter
here being the (normalized) distance along the bundle. A particular feature may be pointed
out: first, it can be shown algebraically, but is also understood intuitively from symmetry
considerations, that at z = 0 the time-course of concentration change (normalized as in Fig. 5)
is identical to that obtained in every cross section of a cylindrical bundle subjected to a
concentration step along its entire surface (i.e., over the distance -o < z < +00, cf. Eq. 47 in
Hill [1928] and Eqs. [5.22] and [5.46] in Crank [1975]). Furthermore, it is evident that the
concentration alters with the same time-course also at z = -oo. However, in the intervening
region (-oo < z < 0), the time-course of concentration change is different, but this difference
is only small. To illustrate this point, each curve at the extreme left in the panels of Fig. 5 was
computed for the particular value of z, zp, (in the range z < 0) where the largest deviation in
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time-course from that at z = 0 occurs. As the comparison of this curve with that immediately
to its right (i.e., for z = 0) showus, in all cases concentration changes are more rapid in the
region -00 < z < 0 than at z = 0 (or z = -m), but the factor describing this increased rate is
only s 1.35, the largest value for the ratio t1/2(z.0)/tI/2(z-z,), of the half-times obtained.

DISCUSSION

The equations in this study were derived to permit calculations of the concentration profiles of
saline and sucrose in the interstitial fluid spaces of heart muscle bundles placed in sucrose gap
chambers of different designs.

Approximations

Before discussing the application of the equations to several problems of experimental interest,
two physical aspects have to be considered in connection with the simplifying assumptions
stated when formulating the differential equations of diffusion. First, it should be pointed out
that steady concentration distributions derived from these assumptions, i.e., distributions
computed by superposition on the basis of Eqs. 14, 23, or 26, satisfy the condition of osmotic
equilibrium ([Na'] + [K+] + [Cl-] + [sucrose] - constant; osmotic coefficients are taken
to be 1). This is a consequence of the important result that the steady concentration profiles do
not depend on the diffusion coefficient of the solute. (For the mathematical proof note that if
CT = CTO * f(r, z) is the concentration of a salt according to one of the above equations, the
sucrose concentration resulting from the same saline-sucrose interface is found to be cs = cs5,0
[1 - f(r, z)J.) During the development of steady distributions (as described by Eq. 29),
however, deviations from osmotic equilibrium will occur due to different solute diffusion
coefficients. Second, the assumption that membrane currents do not contribute to the
concentration distributions needs closer consideration. Ion accumulation or depletion due to
external current application, which is a function of both current strength and duration, is
beyond the scope of the present study. However, as will be shown in the next paper (Lammel,
1981), the spatial concentration variation gives rise to local circuit currents; the results of this
paper can be used to gain information about possible effects of these currents on the steady
concentration distributions. To estimate such effects within a particular trabecula section
(Z I Z S Z2) a comparison was made between the current integral Ij(z,, Z2) = (1/F) fZ2 i
dz = ( /F) fz gj(V. - V) dz and the change in the axial flux driven by concentration
gradients AMzJ(z1, Z2) = Dj- r-(p/[(a-)Cj4], i.e., the total diffusion flux
entering the section through the surface sheath. (j denotes the ion species; the symbols for the
electric variables are defined in the next paper.) The conditions chosen were those of Fig. 5 A
(curves 0) of Lammel (1981) (a frog atrial trabecula of 0.1-mm Diam extending from z = 0 to
z = 1.4 mm; test section 0 < z < 0.2 mm, sucrose gap 0.2 < z < 1 mm, section exposed to
isotonic KCI solution 1 < z < 1.4 mm; current conducting properties of the cell membrane
defined by Eqs. 9a, b and 10 of paper II; surface area per unit volume 7,400 cm-'). The
results obtained show that the effect of membrane currents on the concentration distributions
can be neglected for ions that are driven by high concentration gradients, i.e., for sodium
diffusing from the test compartment and for potassium diffusing from the compartment with
isotonic KCI solution both into the sucrose section. The distribution of potassium ions within
the test section and the adjoining sucrose region, however, must be expected to be modified to
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some extent by the local circuit currents as indicated by the following computational results:
IK(O, 0.1 mm) = -7.9. 10-lo mol s-', AZK(O, 0.1 mm) - -1.6. 10-'4 mol s-'; IK(O.1, 0.2
mm) - 1.6 10-X4 mol s-', AMZ,K (0.1, 0.2 mm) = -7.3 * 10-14 mol s-'; IK(O.2, 0.3 mm) =
2.1 10-'4molS-I, AMZK(O.2, 0.3 mm) = 7.1 10-'4 mol s-'; IK(O.3, 0.4 mm) = 4.6.* - "

mol s', AMZ,K(0.3, 0.4 mm) = 1.5 * 10-14 mol s-'. (The negative sign of IK defines inward
direction of potassium current; the negative sign of AMZ,K inward direction of diffusion flux
through the surface sheath.) Thus, except at the end of the test section (0 < z < 0.1 mm)
where both AMZ,K and IK are so small that they produce only slight deviation of the interstitial
concentration from that of the bathing fluid (cf. concentration profiles of Fig. 6 below), the
membrane current may represent a potassium flux that is maximally -30% of the diffusional
flux.

Parameter Values
To use the equations it is necessary to know the numerical value of the parameter L
appropriate for each preparation concerned. At this point, the main problem is that of
obtaining sufficiently accurate estimates for Pm, since the two other parameters contained in
the definition of L(Eq. 17), rO and p, are readily obtained through histological and other
methods. The position is relatively straightforward in the case of frog ventricular trabeculae
for which both the approximate size and number of pathways across the endothelial cell layer
of the trabeculae are known. Thus, on the basis of the electron-microscope data provided by
Page and Niedergerke (1972; Table 2 and their Eq. 2) Pm can be calculated and comes to
3.9* 1O-' cm s-', when the diffusion coefficient D - 8 * 10-6 cm2 s-'. (For convenience, this
value for D, that of calcium ion, is used throughout this section, but since Pm is proportional to
D figures obtained for Pm are readily converted to those appropriate for any other solute.) For
a trabecula of radius ro = 0.05 mm and p = 0.1 (Page and Niedergerke, 1972) the value for L
comes to 0.3 (independent of D, cf. page 539).

In all other preparations commonly used for voltage-clamp experiments, i.e., frog atrial and
mammalian heart trabeculae, histological data of this kind are missing and indirect
procedures have to be found to obtain Pm and L. (In any case, methods of this kind should be
applied in addition to calculations from morphometric data.)
The procedure used for frog atrial trabeculae is based on the experimental finding

(Chapman and Niedergerke, 1970) that an initial, rapid twitch response to a step change of
external calcium concentration is controlled by the rate with which the new level of calcium
concentration is established at cell surfaces of the constituent fibers within the bundle. When
the experimental conditions are chosen to be such (e.g. Niedergerke and Page, 1977; Fig. 3)
that the strength of the heart-beat rises in direct proportion to the external calcium
concentration, then the time-course of this response should follow a curve of the kind plotted
for z - 0 in Fig. 5. The experimental half time (tl/2) of the response concerned was found to
be -2.7 s (Lammel et al., 1975) and this, together with appropriate figures for ro(O.05 mm),
p(O.27) and D (as above), gives a value of 0.72 for the term kDt112r 2 (for definition of k, see
Eq. 10). When this parameter is entered into the appropriate panel of Fig. 5 (panel 3)
half-saturation of diffusion is shown to occur with a value of L close to 0.5, yielding Pm =
1.8 * 10-4 cm s-'. It should be mentioned that there is greater permeability of the
endothelium cell layer in frog atrium compared with that in ventricle, expressed by the ratio of
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the coefficients Pm(atrium)/Pm(ventrcle) = 4.6, because the pathways through this layer are both
shorter and wider in atrial than ventricular preparations, as was shown by an electron-
microscope comparison (Lammel et al., 1975). In the case of mammalian trabeculae, Pm was
estimated from the electrical resistance, Rm, of the endothelium cell layer by the relation Pm =
D/(Rm * a), where a is the conductivity of Ringer's fluid: 0.01 25Q- cm-'. First, current and
potential data from Beeler and Reuter (1970) were converted by the procedure suggested by
Attwell and Cohen (1977) to obtain a value of 400 Q for the resistance of the endothelial
sheath surrounding the bundle segment in the test compartment. Referring this to unit area
for the preparation concerned (diameter of trabecula: 0.5 mm, length: 1 mm) one obtains
pm= 1 10-4cms-'andL - 1.5.

Conclusions
Figs. 6-8 provide examples illustrating the application of the equations derived to particular
experimental conditions. Fig. 6 shows the diffusion profiles along frog atrial trabeculae in
sucrose gap arrangements that contain either a single (6 A and B) or double (C) gap, where
the dimensions of test and sucrose segments, of 200 and 400 ,um, respectively, were chosen to
approximate the situation of the experiments of Rougier et al. (1968). The curves for sodium
and potassium concentration were calculated by Eq. 19 a, b, using the superposition principle
to allow for the contribution of ion fluxes from several different saline-sucrose junctions (two
junctions in the case of the single gap, four junctions in the case of the double gap). In the test
segment of the single-gap arrangement (Fig. 6 A and B) the sodium concentration is seen to
rise from a 50 to 100% level between saline-sucrose junction and the (left) end of the model.
The average over the whole of this segment amounts to 85%; all concentrations are expressed
as percentage of that in Ringer's fluid. Concentrations in the double sucrose gap arrangement
come to 82 and 72% for the maximum and average, respectively: clearly less favorable than
for the single gap. Of course, these concentration levels depend critically on the dimensions
chosen for both preparation and experimental chamber. For example, the maximal and
average concentrations should be substantially lower in the double sucrose gap arrangement
used by Tarr and Trank (1974) who gave a test segment of 100-,um length and a preparation
diameter of 300-500 ,um. Taking these figures (a bundle diameter of 400 ,um) one obtains
levels of only 32 and 24%, for the maximum and average, respectively. However, these values
cannot be accepted without reservation because, quite frequently, trabeculae of large
diameter are composed of (at least partly) separate, smaller bundles whose diameter would
have to be known for more precise calculations (Lammel et al., unpublished data).
The concentration profiles of Fig. 7 illustrate several features of a (single) sucrose gap

arrangement, on the basis of only one saline-sucrose junction; the other junction (sucrose-
saline) is taken to be so far away that its effects are negligible. The dimensions chosen are
appropriate for a mammalian trabecula (Reuter and Scholz, 1977), preparation diameter:
0.5 mm, length of test segment: 0.6 mm; L = 1.5, cf. above). Three points were examined: (a)
of curves 3 and 4 (Fig. 7 A), curve 4 was calculated by Eq. 19a, b, curve 3 by Eq. 23a, b. Thus,
radial diffusion within the interstitial fluid spaces was either included or neglected (note, in
neither case was a partition present). That this radial diffusion process contributes little to the
setting up of the concentration profiles is indicated by the similar shape and position of the two
curves. This important point is discussed in greater detail below. (b) Comparison of curves 1
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FIGURE 7 Average concentration of saline along mammalian ventricular bundle (0.5-mm Diam). A,
curves 1 and 2: partition either of 0.1 mm (1) or 0.2 mm (2) width present indicated by dashed lines;
curves 3 and 4: no partition, radial diffusion neglected for curve 3. B, curve 1 as curve IA; curves 5 and 6:
compression of bundle by partition in each case to 60% of original cross-section; curve 5, H - 1/0.6; curve
6,H 1/0.15,cf. Eq:27 and text.

remained constant; in the other (curve 6) it was diminished to a quarter of its original value:
i.e., the proportion of fluid squeezed from the interstitial and cellular volume was either the
same (curve 5) or else the proportion squeezed from the interstitial volume was much greater
than that from the cellular volume (curve 6). As was expected, the condition of reduced p
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produces the more striking effect: the salt concentration in the test segment is much enhanced
and the concentration gradient under the partition is steepened. This result alone would favor
more precise current recording than is otherwise possible (see subsequent papers). Whether it
can be achieved without causing extensive tissue injury appears to be worth examining.

In Fig. 8 the present model is applied to the results of Kle'ber (1973) who studied the steady
diffusion profiles of radioactive sodium ions at both sides of a saline-sucrose partition, in sheep
and calf ventricular trabeculae, 1-2 mm thick. As is shown, the two curves, constructed with
Eqs. 21a, b and drawn through the two sets of triangles, provide a good fit to Kl'eber's data
(circles), with Pm = 4 * 10-5 cm s-'. (For an earlier attempt to fit Kl'eber's data on the basis of
a less complete model, see Attwell and Cohen, 1977; Fig. 8). Different experimental
approaches that would seem feasible for testing the predictions of the model are for example
the use of ion-selective microelectrodes (cf. Kline and Morad, 1978) or of fluorescent dyes.
The latter method has already been applied by Salama and Morad (1977) to determine the
extracellular solute distribution in a sucrose gap arrangement. The space constant (A) of 190
,um obtained by these authors for frog ventricle strips of 0.5-1-mm Diam agrees well with the
value calculated with Eq. 22 (ro - 0.35 mm, P. = 3.9 * 10-5 cm s-', p - 0.1: A = 189 ,um).
However, because frog preparations of such large diameter are most frequently composed of
several smaller bundles, a direct comparison of these two values may be inadequate.

Table I summarizes values for both P. and L as determined or used above. The main result
is that L extends over a range of fairly low values, from 0.3 to 1.5; the significance of this
becomes clear in Fig. 2. Thus, for 0.5 < L < 1.5 radial concentration gradients in the
interstitial fluid spaces are only small over much of the bundle length. This, indeed, provides
the explanation for the lack of any major difference between curves 3 and 4 of Fig. 7 A, and it
also suggests the following conclusion: when setting up models to examine the potential and
current changes occurring in voltage-clamp experiments with these preparations, it is possible,
to a first approximation, to neglect effects due to radial variation of ionic concentrations in the
external medium. This simplifies the mathematics considerably.
The filnal point to be discussed concerns the kinetics of the diffusion process. The question
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TABLE I
PARAMETER VALUES FOR TRABECULAE OF DIFFERENT HEARTS

Preparation Pm L ro*

(cm s-') (mm)
Frog ventricle 3.9. 10-5 0.3 0.05
Frog atrium 1.8. 10-4 0.5 0.05
Dog ventricle 1- 10-4 1.5 0.25
Sheep, calf ventricle 4. 10-5 0.5 0.25

*rO: bundle radius, which was used for converting Pm into L by means of Eq. 16.

was asked: to what extent, in actual voltage-clamp experiments, are steady diffusion profiles
established by the time potential and current recording commences, once sucrose is introduced
into the gap. (This question was recently raised by Beeler and McGuigan, 1978.) Again, the
dimensions chosen were those of a mammalian trabecula (ro = 0.25 mm, L = 1.5), and the
times were calculated for concentration changes of NaCl in the center of (a) test and (b)
sucrose segment to attain either 50 or 90% completion (the arrangement being a single
saline-sucrose junction as in Fig. 7 A). These periods of time as obtained by Eq. 30 (Fig. 5),
come to 15 and 35 s for the 50% concentration level and to 55 and 80 s for the 90% level, in
the sucrose and test segment, respectively. Thus, the establishment of the profiles is fairly
rapid and even for trabeculae of low surface permeability (ro = 0.25 mm, L = 0.5) occurs
within <-5 min. It should be noted, however, that these time periods are likely to be
underestimated since the presence of narrow spaces and clefts between cells (cf. page 534),
which tend to slow down the diffusion process, has been ignored.

I am indebted to Dr. R. Niedergerke, Dept. of Biophysics, University College London, for suggesting the problem and
for his help and encouragement throughout this work.

Receivedfor publication 26 August 1980 and in revisedform 8 April 1981.
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